A generalized maximum entropy estimator is developed for the linear simultaneous equations model. Monte Carlo sampling experiments are used to evaluate the estimator's performance in small and medium sized samples, suggesting contexts in which the current generalized maximum entropy estimator is superior in mean square error to two and three stage least squares. Analytical results are provided relating to asymptotic properties of the estimator and associated hypothesis testing statistics. Monte Carlo experiments are also used to provide evidence on the power and size of test statistics. An empirical application is included to demonstrate the practical implementation of the estimator.
Introduction
The simultaneous equations model (SEM) is applied extensively in econometric-statistical studies. Examples of traditional estimators for the SEM include two stage least squares [1] , three stage OPEN ACCESS least squares [2] , limited information maximum likelihood [3] , and full information maximum likelihood [4, 5] . These estimators yield consistent estimates of structural parameters by correcting for simultaneity between the endogenous variables and the disturbance terms of the statistical model. However, in the presence of small samples or ill-posed problems, traditional approaches may provide parameter estimates with high variance and/or bias, or provide no solution at all. As an alternative to traditional estimators, we present a generalized maximum entropy estimator for the linear SEM and rigorously analyze its sampling properties in small and large sample situations including the case of contaminated error models.
Finite sampling properties of the SEM have been discussed in [6] [7] [8] [9] [10] , where alternative estimation techniques that have potentially superior sampling properties are suggested. Specifically, they discussed limitations of asymptotically justified estimators in finite sample situations and the lack of research on estimators that have small sample justification. In a special issue of The Journal of Business and Economic Statistics, the authors of [11, 12] examined small sample properties of generalized methods of moments estimators for model parameters and covariance matrices. References [13] [14] [15] pointed out that even small deviations from model assumptions in parametric econometric-statistical models that are only asymptotically justified can lead to undesirable outcomes. Moreover, Reference [16] singled out the extreme sensitivity of least squares estimators to modest departures from strictly Gaussian conditions as a justification for examining robust methods of estimation. These studies motivate the importance of investigating alternatives to parameter estimation methods for the SEM that are robust in finite samples and lead to improved prediction, forecasting, and policy analysis.
The principle of maximum entropy has been applied in a variety of modeling contexts. Reference [10] proposed estimation of the SEM based on generalized maximum entropy (GME) to deal with small samples or ill-posed problems, and defined a criteria that balances the entropy in both the parameter and residual spaces. The estimator was justified on information theoretic grounds, but the repeated sampling properties of the estimator and its asymptotic properties were not analyzed extensively. Reference [17] suggested an information theoretic estimator based on minimization of the Kullback-Leibler Information Criterion as an alternative to optimally-weighted generalized method of moments estimation that can accommodate weakly dependent data generating mechanisms. Subsequently, [18] investigated an information theoretic estimator based on minimization of the Cressie-Read discrepancy statistic as an alternative approach to inference in models whose data information was cast in terms of moment conditions. Reference [18] identified both exponential empirical likelihood (negative entropy) andempirical likelihood as special cases of the Cressie-Read power divergence statistic. More recently, [19, 20] applied the Kullback-Leibler Information Criterion to define empirical moment equations leading to estimators with improved predictive accuracy and mean square error in some small sample estimation contexts. Reference [21] provided an overview of information theoretic estimators for the SEM. Reference [22] demonstrated that maximum entropy estimation of the SEM has relevant application to spatial autoregressive models wherein autocorrelation parameters are inherently bounded and in circumstances when traditional spatial estimators become unstable. Reference [23] examined the effect of management factors on enterprise performance using a GME SEM estimator. Finally, [24] estimated spatial structural equation models also extended to a panel data framework.
In this paper we investigate a GME estimator for the linear SEM that is fundamentally different from traditional approaches and identify classes of problems (e.g., contaminated error models) in which the proposed estimator outperforms traditional estimators. The estimator: (1) is completely consistent with data and other model information constraints on parameters, even in finite samples; (2) has large sample justification in that, under regularity conditions, it retains properties of consistency and asymptotic normality to provide practitioners with means to apply standard hypothesis testing procedures; and (3) has the potential for improved finite sample properties relative to alternative traditional methods of estimation. The proposed estimator is a one-step instrumental variable-type estimator based on a nonlinear-in-parameters SEM model discussed in [1, 7, 25] . The method does not deal with data information by projecting it in the form of moment constraints but rather, in GME parlance, is based on data constraints that deal with the data in individual sample observation form. Additional information utilized in the GME estimator includes finite support spaces that are imposed on model parameters and disturbances, which allows users to incorporate a priori interval restrictions on the parameters of the model.
Monte Carlo (MC) sampling experiments are used to investigate the finite sample performance of the proposed GME estimator. In the small sample situations analyzed, the GME estimator is superior to two and three stage least squares based on mean square error considerations. Further, we demonstrate the improved robustness of GME relative to 3SLS in the case of contaminated error models. For larger sample sizes, the consistency of the GME estimator results in sampling behavior that emulates that of 2SLS and 3SLS estimators. Observations on power and size of asymptotic test statistics suggest that the GME does not dominate, nor is it dominated by, traditional testing methods. An empirical application is provided to demonstrate practical implementation of the GME estimator and to delineate inherent differences between GME and traditional estimators in finite samples. The empirical analysis also highlights the sensitivity of GME coefficient estimates and predictive fit to specification of error truncation points, underscoring the need for care in specifying the empirical error support.
The GME-Parameterized Simultaneous Equations Model
Consider the SEM with G equations, which can be written in matrix form as:
where Historically, Equation (4) has provided motivation for two stage least squares (2SLS) and three stage least squares (3SLS) estimators. The presence of right hand side endogenous variables yields biased and inconsistent estimates for Y (−i) [1] . In 2SLS and 3SLS, the first stage is to approximate E[Y (−i) ] by applying ordinary least squares (OLS) to the unrestricted reduced form model in Equation (2) and thereby obtain predicted values of Y (−i) . Then, using the predicted values to replace E[Y (−i) ], the second stage is to estimate the model in Equation (4) with OLS. In the event that the error terms are normally distributed, homoskedastic, and serially independent, the 3SLS estimator is asymptotically equivalent to the asymptotically efficient full-information maximum likelihood (FIML) estimator [21] . Under the same conditions, it is equivalent to apply FIML to either Equation (1) or to Equation (4) under the restriction
GME Estimation of the SEM
Following the maximum entropy principle, the entropy of a distribution of probabilities for n = 1,...,N, which characterizes the uniform distribution. Generalizations of the entropy function that have been examined elsewhere in the econometrics and statistics literature include the Cressie-Read power divergence statistic [18] , Kullback-Leibler Information Criterion [27] , and the α-entropy measure [28] . We restrict our analysis to the entropy objective function due to its efficiency and robustness properties [18] , and its current universal use within the context of GME applications [9] . GME estimators previously proposed for the SEM include (a) the data constrained estimator for the general linear model, hereafter GME-D, which amounts to applying the GME principle to a vectorized version of the structural model in Equation (1); and (b) a two stage estimator analogous to 2SLS whereby GME-D is applied to the reduced form model in the first stage and to the structural model in the second stage, hereafter GME-2S. Alternatively, [10] applied the GME principle to the reduced form model in Equation (3) with the restriction -1 =-Π BΓ imposed, hereafter GME-GJM. Our approach follows 2SLS and 3SLS in the sense that the restriction -1 =-Π BΓ is not explicitly enforced and that E[Y (−i) ] is algebraically replaced by ( ) i  XΠ . However, unlike 2SLS and 3SLS, our approach is formulated under the GME principle completely consistent with Equation (4) retained as a nonlinear constraint and concurrently solved with the unrestricted reduced form model in Equation (3) to identify structural and reduced form coefficient estimates. Reference [7] refers to Equations (3) and (4) as a nonlinear-in-parameters (NLP) form of the SEM model.
To formulate a GME estimator for the NLP model of the SEM, henceforth referred to as GME-NLP, parameters and disturbance terms of Equations (3) and (4) 
subject to:
The S i support matrices (for , , , , i z w     ) present in Equations (6) and (7) 
where the nth disturbance term of the gth equation with M support points is defined, in summation Optimizing the objective function defined in Equation (5) optimizes the entropy in the parameter and disturbance spaces for both the structural model in Equation (6) and the reduced form model in Equation (7) . The optimized objective function can mitigate the detrimental effects of ill-conditioned explanatory and/or instrumental variables and extreme outliers due to heavy tailed sampling distributions. In these circumstances traditional estimators are unstable and often represent an unsatisfactory basis for estimation and inference [20, 25, 29] .
We emphasize that the proposed GME-NLP is a data-constrained estimator. Equations (5)- (8) constitute a data-constrained model in which the regression models themselves, as opposed to moment conditions based on them, represent constraining functions to the entropy objective function. [16] pointed out that outside the Gaussian error model, estimation based on sample moments can be inefficient relative to other procedures. Reference [9] provided MC evidence that data-constrained GME models, making use of the full set of observations, outperformed moment-constrained GME models in mean square error. In the GME-NLP model, constraints Equations (6) and (7) remain completely consistent with sample data information in Equations (3) and (4) .
We also emphasize that the proposed GME-NLP estimator is a one-step approach, simultaneously solving for reduced form and structural parameters. As a result, the nonlinear specification of Equation (6) leads to first order optimization conditions (Equation A15) derived in the Appendix) that are different from other multiple-step or asymptotically justified estimators. The most obvious difference is that the first order conditions do not require orthogonality between right hand side variables and error terms, i.e., GME-NLP relaxes the orthogonality condition between instruments and the structural error term. Perhaps more importantly, multiple-step estimators (e.g., 2SLS or GME-2S) only approximate the NLP model and ignore nonlinear interactions between reduced and structural form coefficients. Thus, constraints Equations (6) and (7) are not completely satisfied by multiple-step procedures, yielding an estimator that is not fully consistent with the entire information set underlying the specification of the model. Although this is not a critical issue in large sample estimation, as demonstrated below, estimation inefficiency can be substantial in small samples if multiple-step estimators do not adequately approximate the NLP model.
The proposed GME-NLP estimator has some econometric limitations similar to, and other limitations which set it apart from, 2SLS that are evident when inspecting Equations (5)- (8) . Firstly, like 2SLS, the residuals in Equations (4) and (6) are not identical to those of the original structural model, nor are they the same as the reduced form error term, except when evaluated at the true parameter values. Secondly, the GME-NLP estimator does not attempt to correct for contemporaneous correlation among the errors of the structural equations. Although a relevant efficiency issue, contemporaneous correlation is left for future research. Thirdly, and perhaps most importantly, the use of bounded disturbance support spaces in GME estimation introduces a specification issue in empirical analysis that typically does not arise with traditional estimators. These issues are discussed in more detail ahead.
Parameter Restrictions
In practice, parameter restrictions for coefficients of the SEM have been imposed using constrained maximum likelihood or Bayesian regression [7, 30] . Neither approach is necessarily simple enough to specify analytically nor estimate empirically, and each has its empirical advantages and disadvantages. For example, Bayesian estimation is well-suited for representing uncertainty with respect to model parameters, but can also require extensive MC sampling when numerical estimation techniques are required, as is often the case in non-normal, non-conjugate prior model contexts. In comparison to constrained maximum likelihood or Bayesian analysis, the GME-NLP estimator also enforces restrictions on parameter values, is arguably no more difficult to specify or estimate, and does not require the use of MC sampling in the estimation phase of the analysis. Moreover, and in contrast to constrained maximum likelihood or the typical parametric Bayesian analysis, GME-NLP does not require explicit specification of the distributions of the disturbance terms or of the parameter values. However, both the coefficient and the disturbance support spaces are compact in the GME-NLP estimation method, which may not apply in some idealized empirical modeling contexts.
Imposing bounded support spaces on coefficients and error terms has several implications for GME estimation. Consider support spaces for coefficients. Selecting bounds and intermediate reference support points provides an effective way to restrict parameters of the model to intervals. If prior knowledge about coefficients is limited, wider truncation points can be used to increase the confidence that the support space contains the true . If knowledge exists about, say, the sign of a specific coefficient from economic theory, this can be straightforwardly imposed together with a reasonable bound on the coefficient. Importantly, there is a bias-efficiency tradeoff that arises when parameter support spaces are specified in terms of bounded intervals. A disadvantage of bounded intervals is that they will generally introduce bias into the GME estimator unless the intervals happen to be centered on the true values of the parameters. An advantage of restricting parameters to finite intervals is that they can lead to increases in efficiency by lowering parameter estimation variability. In the MC analysis ahead, it is demonstrated that the bias introduced by bounded parameter intervals in the GME-NLP estimator can be much more-than compensated for by substantial decreases in variability, leading to notable increases in overall estimation efficiency.
In practice, support spaces for disturbances can always be chosen in a manner that provides a reasonable approximation to the true disturbance distribution because upper and lower truncation points can always be selected sufficiently wide to contain the true disturbances of regression models [31] . The number, M, of support points for each disturbance can be chosen to account for additional information relating to higher moments (e.g., skewness and kurtosis) of each disturbance term. MC experiments by [9] demonstrated that support points ranging from 2 to 10 are acceptable for empirical applications.
For the GME-NLP estimator, identifying bounds for the disturbance support spaces is complicated by the interaction among truncation points of the parameters and disturbance support points of both the reduced and structural form models. Yet, several informative generalizations can be drawn. First, [32] demonstrated that ordinary least squares-like behavior can be obtained by appropriately selecting truncation points of the GME-D estimator of the general linear model. This has direct implications to SEM estimation in that appropriately selected truncation points of the GME-2S estimator leads to 2SLS-like behavior. However, as demonstrated ahead, given the nonlinear interactions between the structural and reduced form models, adjusting truncation points of the GME-NLP does not necessarily lead to two stage like behavior in finite samples. Second, the reduced form model in Equation (3) and the nonlinear structural parameter representation of the reduced form model in Equation (4) have identical error structure at the true parameter values. Hence, in the empirical applications below, we specify identical support matrices for error terms of both the structural and reduced form models. Third, in the limiting case where the disturbance boundary points of the GME-NLP structural model expand in absolute value to infinity, the parameter estimates converge to the mean of their support points.
Given ignorance regarding the disturbance distribution, [9, 10] suggest using a sample scale parameter and the multiple-sigma truncation rule to determine error bounds. For example, the three sigma rule for random variables states that the probability of a unimodal continuous random variable assuming outcomes distant from its mean by more than three standard deviations is at most 5% [33] . Intuitively, this multiple-sigma truncation rule provides a means of encompassing an arbitrarily large proportion of the disturbance support space. From the empirical evidence presented below, it appears that combining the three sigma rule with a sample scale parameter to estimate the GME-NLP model is a useful approach.
GME-NLP Asymptotic Properties and Inference
To derive consistency and asymptotic normality results for the GME-NLP estimator, we assume the following regularity conditions. The probability density function of μ is assumed to be symmetric about the origin with a finite covariance matrix. R4.    can be enclosed within a bounded interval.
Estimator Properties
The regularity conditions (R1)-(R5) provide a basic set of assumptions sufficient to establish asymptotic properties for the GME-NLP estimator of the SEM. 
The intuition behind the proof is that without the reduced form component in Equation (7) the parameters of the structural component in Equation (6) are not identified. As shown in the Appendix, the reduced form component yields estimates that are consistent and contribute to identifying the structural parameters, and the structural component in Equation (7) ties the structural coefficients to the data and draws the GME-NLP estimates toward the true parameter values as the sample size increases. Estimators of the SEM are generally categorized as "full information" (e.g., 3SLS or FIML) or "limited information" (e.g., 2SLS or LIML) estimators. GME-NLP is not a full information estimator because the estimator neither enforces the restriction -1 =-Π BΓ nor explicitly characterizes the contemporaneous correlation of the disturbance terms. An advantage of GME-NLP is that it is completely consistent with data constraints in both small and large samples, because we concurrently estimate the parameters of the reduced form and structural models. As a limited information estimator, GME-NLP has several additional attractive characteristics. First, similar to other limited information estimators, it is likely to be more robust to misspecification than a full information alternative because in the latter case misspecification of any one equation can lead to inconsistent estimation of all the equations in the system [34] . Second, GME-NLP is easily applied in the case of a single equation, G = 1, and it retains the asymptotic properties identified above. Finally, the single equation case is a natural generalization of the data-constrained GME estimator for the general linear model.
Hypothesis Tests
Because the GME-NLP estimator δ is consistent and asymptotically normally distributed, asymptotically valid normal and chi-square test statistics can be used to test hypothesis about δ . To implement such tests a consistent estimate of the asymptotic covariance of δ , or 
In the latter case based on ˆg  and
for i,j = 1,...,G. Combining these elements, the estimated asymptotic covariance matrix of δ is defined as 
The Wald test statistic has a 2  limiting distribution with L degrees of freedom given as
under the null hypothesis.
Monte Carlo Experiments
For the sampling experiments we set up an overdetermined simultaneous system with contemporaneously correlated errors that is similar, but not identical, to empirical models discussed in [10, 36, 37] . Reference [10] provide empirical evidence of the performance of the GME-GJM estimator for both ill-posed (multicollinearity) and well-posed problems using a sample size of 20 observations. In this study we attempt to focus on both smaller and larger sample size performance of the GME-NLP estimator, the size and power of single and joint hypothesis tests, and the relative performance of GME-NLP to 2SLS and 3SLS. In addition, the performance of GME-NLP is compared to Golan, Judge, and Miller's GME-GJM estimator. The estimation performance measure is the mean square error (MSE) between the empirical coefficient estimates and the true coefficient values.
Parameters and Support Spaces
The parameters Γ and Β and the covariance structure Σ of the structural system in Equation (1) 
The exogenous variables are drawn from an iid N(0,1) distribution, while the errors for the structural equations are drawn from a multivariate normal distribution with mean zero and covariance  Σ I that is truncated at ±3 standard deviations.
To specify the GME models, additional information beyond that traditionally used in 2SLS and 3SLS is required. Upper and lower bounds, as well as intermediate support points for the individual coefficients and disturbance terms, are supplied for the GME-NLP and GME-GJM models along with starting values for the parameter coefficients. The difference in specification of GME-GJM relative to GME-NLP is that in the former, -1 =-Π BΓ replaces the structural model in Equation (6) and the GME-GJM objective function excludes any parameters associated with the structural form disturbance term. The upper and lower bounds of the support spaces specified for the structural and reduced form models are identical to [10] except that we use three rather than five support points. The supports are Table 1 contains the mean values of the estimated Γ parameters based on 1,000 MC repetitions for sample sizes of 5, 25, 100, 400, and 1,600 observations per equation. From this information, we can infer several implications about the performance of the GME estimators. For a sample size of five observations per equation, 2SLS and 3SLS estimators provide no solution due to insufficient degrees of freedom. For five and 25 observations the GME-NLP and GME-GJM estimators have mean values that are similar, although GME-NLP exhibits more bias. When the sample size is 100, the GME-NLP estimator generally exhibits less bias. Like 2SLS and 3SLS, the GME-NLP estimator is converging to the true coefficient values as N increases to 1,600 observations per equation (3SLS estimates are not reported for 1,600 observations).
Estimation Performance
In Table 2 the standard error (SE) and MSE are reported for 3SLS and GME-NLP. The GME-NLP estimator has uniformly lower standard error and MSE than does 3SLS. For small samples of 25 observations the MSE performance of the GME-NLP estimator is vastly improved relative to the 3SLS estimator, which is consistent with MC results from other studies relating to other GME-type estimators [9, 32] . As the sample size increases from 25 to 400 observations, both the standard error and mean squared error of the 3SLS and GME-NLP converge towards each other. Interestingly, even at a sample size of 100 observations the GME-NLP mean squared error remains notably superior to 3SLS. Table 1 . Mean value of parameter estimates from 1000 Monte Carlo simulations using 2SLS, 3SLS, GME-GJM, and GME-NLP.
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Inference Performance
To investigate the size of the asymptotically normal test, the single hypothesis H 0 : ij k   was tested with k set equal to the true values of the structural parameters. Critical values of the tests were based on a normal distribution with a 0.05 level of significance. An observation on the power of the respective tests was obtained by performing a test of significance whereby k = 0 in the preceding hypothesis. To complement this analysis, we investigated the size and power of a joint hypothesis H 0 :
, k k     using the Wald test. The scenarios were analyzed using 1000 MC repetitions for sample sizes of 25, 100, and 400 per equation. Table 3 contains the rejection probabilities for the true and false hypotheses of both the GME-NLP and 3SLS estimators. The single hypothesis test for the parameter 21   0.222 based on the asymptotically normal test responded well for GME-NLP (3SLS), yielding an estimated test size of 0.066 (0.043) and power of 0.980 (0.964) at 400 observations per equation. In contrast, for the remaining parameters, the size and power of the hypotheses tests were considerably less satisfactory. This is due in part to the second and third equations having substantially larger disturbance variability. For the joint hypothesis test based on the Wald test the size and power perform well for GME-NLP (3SLS) with an estimated test size of 0.047 (0.047) and power of 0.961 (0.934) at 400 observations. Overall, the results indicate that based on asymptotic test statistics GME-NLP does not dominate, nor is it dominated by, 3SLS. 
Further Results: 3-Sigma Rule and Contaminated Errors
Further MC results are presented to demonstrate the sensitivity of the GME-NLP to the sigma truncation rule (Table 4 ) and to illustrate robustness of the GME-NLP relative to 3SLS in the presence of contaminated error models (Table 5) . Each of these issues play a critical role in empirical analysis of the SEM, while the latter can compound estimation problems especially in small sample estimation.
To obtain the results in Table 4 , the error supports for the reduced form and structural model were Table 4 , the MSE increases as the truncation points are decreased. The bias decreases for 32  and 13  as the truncation points are shrunk, while the direction of bias is ambiguous for 12  . Predominately, the empirical standard error of the coefficients decreased with wider truncation points. Overall, these results underscore that the mean and standard error of GME-NLP coefficient values are sensitive to the choice of truncation points. Table 4 . Mean, standard error (SE), and mean square error (MSE) of parameter estimates from 1000 Monte Carlo simulations for GME-NLP with 3, 4, and 5-sigma truncation rules. Results from Table 5 provide the mean and MSE of the distribution of coefficient estimates for 3SLS and GME-NLP when the error term is contaminated by outcomes from an asymmetric distribution [14, 15] . For a given percentage level  , the errors for the structural equations are drawn from
and then truncated at ±3 standard deviations. We define (2,3) (2,3) 6 F Beta   and examine the robustness of 3SLS and GME-NLP with values of  = 0.1, 0.5, and 0.9. The error supports for the reduced form and structural model were specified with the three sigma rule. As evident in Table 5 , when the percent of contamination induced in the error component of the SEM increases, performance of both estimators is detrimentally impacted. For 25 observations, the 3SLS coefficient estimates are much less robust to the contamination process than are the GME-NLP estimates as measured by the MSE values. At 100 observations the performance of 3SLS improves, but still remain less robust than GME-NLP. Table 5 . Mean and mean square error (in parentheses) of parameter estimates from 1000 Monte Carlo simulations for 3SLS and GME-NLP with contaminated normal distribution.
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Discussion
The performance of the GME-NLP estimator was based on a variety of MC experiments. In small and medium sample situations (≤100 observations) the GME-NLP is MSE superior to 3SLS for the defined experiments. Increasing the sample size clearly demonstrated consistency of the GME-NLP estimator for the SEM. Regarding performance in single or joint hypothesis testing contexts, the empirical results indicate that the GME-NLP did not dominate, nor was it dominated by 3SLS.
The MC evidence provided above indicates that applying the multiple-sigma truncation rule with a sample scale parameter to estimate the GME-NLP model is a useful empirical approach. Across the 3, 4, and 5-sigma rule sampling experiments, GME-NLP continued to dominate 3SLS in MSE for 25, 100, and 400 observations per equation. For wider truncation points the empirical SE of the coefficients decreased. However, these results also demonstrate that the GME-NLP coefficients are sensitive to the choice of truncation points with no consensus in choosing narrower (3-sigma) over wider (5-sigma) truncation supports under a Gaussian error structure. We suggest that additional research is needed to optimally identify error truncation points.
Finally, the GME-NLP estimator exhibited more robustness in the presence of contaminated errors relative to 3SLS. The MC analysis illustrates that deviations from normality assumptions in asymptotically justified econometric-statistical models lead to dramatically less robust outcomes in small samples. Reference [9, 16] emphasized that under traditional econometric assumptions, when samples are Gaussian in nature and sample moments are taken as minimal sufficient statistics, then no information may be lost. However, they point out that outside the Gaussian setting, reducing data constraints to moment constraints can be wasteful use of sample information and results in estimators that are less than fully efficient. The above MC analysis suggests that GME-NLP, which relies on full sample information but does not rely on a full parametric specification such as maximum likelihood, can be more robust to alternative error distributions.
Empirical Illustration
In this section, an empirical application is examined to demonstrate implementation of the GME-NLP estimator. It is the well known three-equation system that comprises the Klein Model I, which further benchmarks the GME-NLP estimator relative to least squares.
Klein Model
Klein's Model I was selected as an empirical application because it has been extensively applied in many studies. Klein's macroeconomic model is highly aggregated with relatively low parameter dimensionality, making it useful for pedagogical purposes. It is a three-equation SEM based on annual data for the United States from 1920 to 1941. All variables are in billions of dollars, which are constant dollars with base year 1934 (for a complete description of the model and data see [1, 38] 
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The first identity states that national income, Y t , plus business taxes, TX t , are equal to the sum of goods and services demanded by consumers, CN t , plus investors, I t , plus net government demands, G t + W 2t . The second identity holds total income, Y t , as the sum of profit, P t , and wages, W t , while the third implies that end-of-year capital stocks, K t , are equal to investment, I t , plus last years end-of-year capital stock, K t−1 . In the fourth identity, W t , is the total wage bill that is the sum of wages earned from the private sector, W 1t , and wages earned by the government, W 2t . The fifth identity states that private product, E t , is the equal to income, I t , plus business taxes, TX t , less government wages, W 2t . Table 6 contains the estimates of the three stochastic equations using ordinary least squares (OLS), two stage least squares (2SLS), three stage least squares (3SLS), and GME-NLP. Parameter restrictions for GME-NLP were specified using the fairly uninformative reference support points (-50,0,50) for the intercept, (-5,0,5) for the slope parameters of the reduced form models and (-2,0,2) for the slope parameters of the structural form models. Truncation points for the error supports of the structural model are specified using both three-and five-sigma rules.
Klein Model I Results
For the given truncation points, the GME-NLP estimates of asymptotic standard errors are greater than those of the other estimators. It is to be expected that if more informative parameter support ranges had been used when representing the feasible space of the parameters, standard errors would have been reduced. In most of the cases, the parameter, standard error, and R 2 measures were not particularly sensitive to the choice of error truncation point, although there were a few notable exceptions dispersed throughout the three equation system. The Klein Model I benchmarks the GME-NLP estimator relative to OLS, 2SLS, and 3SLS. Comparisons are based on the sum of the squared difference (SSD) measures between GME-NLP and the OLS, 2SLS and 3SLS parameter estimates. Turning to the consumption model, the SSD is smallest (largest) between GME-NLP and OLS (3SLS) parameter estimates for both the three-and five-sigma rules (but only marginally). For example, the SSD between OLS (3SLS) and GME-NLP under the 3-sigma is 3.35 (4.15). Alternatively, for the labor model, the SSD is smallest (largest) between GME-NLP and 3SLS (OLS) parameter estimates for both the three-and five-sigma rules. The most dramatic differences arise in the investment model. For example, the SSD between OLS (3SLS) and GME-NLP under the 3-sigma is 3.00 (391.79). This comparison underscores divergences that exist between GME-NLP and 2SLS and 3SLS estimators. In addition to the information introduced by the parameter support spaces, another reason for this divergence may be due to the fact that GME-NLP is a single-step estimator that is completely consistent with data constraints Equations (6) and (7), while 2SLS and 3SLS are multiple step estimators that only approximate the NLP model and ignore nonlinear interactions between reduced and structural form coefficients. The nonlinear specification of GME-NLP leads to first order optimization conditions (Equation (16) derived in the Appendix) that are different from other multiple-step or asymptotically justified estimators such as 2SLS and 3SLS. Overall, the SSD comparisons characterize finite samples differences in the GME-NLP estimator relative to more traditional estimators.
Conclusions
In this paper a one-step, data-constrained generalized maximum entropy estimator is proposed for the nonlinear-in-parameters model of the SEM (GME-NLP). Under the assumed regularity conditions, it is shown that the estimator is consistent and asymptotically normal in the presence of contemporaneously correlated errors. We define an asymptotically normal test (single scalar hypothesis) and an asymptotically chisquare-distributed Wald test (joint vector hypothesis) that are capable of performing hypothesis tests typically used in empirical work. Moreover, the GME-NLP estimator provides a simple method of introducing prior information into the model by means of informative supports on the parameters that can decrease the mean square error of the coefficient estimates. The reformulated GME-NLP model, which is optimized over the structural and reduced form parameter set, provides a computationally efficient approach for large and small sample sizes.
We evaluated the performance for the GME-NLP estimator based on a variety of Monte Carlo experiments and in an illustrative empirical application. In small and medium sample situations (≤100 observations) the GME-NLP is mean square error superior to 3SLS for the defined experiments. Relative to 3SLS the GME-NLP estimator exhibited dramatically more robustness in the presence of contaminated error problems. These result illustrate advantages of a one-step, data-constrained estimator over multiple-step, moment-constrained estimators. Increasing the sample size clearly demonstrated consistency of the GME-NLP estimator for the SEM. The empirical results indicate that the GME-NLP did not dominate, nor was it dominated by, 3SLS in single or joint asymptotic hypothesis testing.
The three-equation Klein Model I was estimated as an empirical application of the GME-NLP method. Results of the Klein Model I benchmarked parameter estimates of GME-NLP relative to OLS, 2SLS, and 3SLS using the summed squared difference between parameter values of the estimators. GME-NLP was most similar to 2SLS and 3SLS for the consumption and labor demand equations, while it was most similar to OLS for the investment demand equation. In all, the empirical example also demonstrated some disadvantages of GME estimation in that coefficient estimates and predictive fit were somewhat sensitive to specification of error truncation points. This suggests additional research is needed to optimally identify error truncation points.
The analytical results in this study contribute toward establishing a rigorous foundation for GME estimation of the SEM and analogous properties of test statistics. It also furnishes a starting point for empirical economists desiring to apply maximum entropy to linear simultaneous systems (e.g., normalized quadratic demand systems used extensively in applied research). While empirical results are intriguing, this approach does not definitively solve the problem of estimating the SEM in small samples or ill-posed problems, and underscores the need for continued research on problems of a number of problems in small sample estimation based on asymptotically justified estimators. 
B. Model Estimation: Computational Considerations
To estimate the GME-NLP model, the conditional entropy function (Equation (A15)) was maximized. Note that the constrained maximization problem Equations (5)- (8) requires estimation of (Q + 2GNM) unknown parameters. Solving Equations (5)- (8) for (Q + 2GNM) unknowns is not computationally practical as the sample size, N, grows larger. For example, consider an empirical application with Q = 36 coefficients, G = 3 equations, and M = 3 support points. Even for a small number of observations, say N = 50, the number of unknown parameters would be 936. In contrast, maximizing Equation (A15) requires estimation of only Q unknown coefficients for any real value of N.
The GME-NLP estimator uses the reduced and structural form models as data constraints with a dual objective function as part of its information set. To completely specify the GME-NLP model, support (upper and lower truncation and intermediate) points for the individual parameters, support points for each error term, and Q starting values for the parameter coefficients are supplied by the user. In the Monte Carlo analysis and empirical application, the model was estimated using the unconstrained optimizer OPTIMUM in the econometric software GAUSS. We used 3 support points for each parameter and error term. To increase the efficiency of the estimation process the analytical gradient and Hessian were coded in GAUSS and called in the optimization routine. This also offered an opportunity to empirically validate the derivation of the gradient, Hessian, and covariance matrix. Given suitable starting values the optimization routine generally converged within seconds for the empirical examples discussed above. Moreover, solutions were quite robust to alternative starting values.
